ON ORDER PRESERVING CONTRACTIONS*

BY
S. R. FOGUEL

ABSTRACT

Let (Q,Z,n) be a measure space and let P be an operator on L(Q,Z,n)

with [P| < 1, Pf20 a.e. whenever f 0. If the subspace K is defined by
K={x| [Pl =Px] = |x], n=12}

then K = L, (Q,%,4), where Z; < T and on K the operator Pis ‘“‘essentially”
a measure preserving transformation. Thus the eigenvalues of P of modulus
one, form a group under multiplication.

This last result was proved by Rota for finite # here finiteness is not
assumed) and is a generalization of a theorem of Frobenius and Perron on
positive matrices.

Introduction. The purpose of this note is to generalize the results of [2]. In [2]
Rota studies the eigenvalues of modulus one of a contraction P on L, (S, X , y1)
where p is a finite measure and P satisfies the following:

a. Pf = 0 whenever f = 0.

b. ess. sup. | Pf| < ess. sup. |f].

This problem is related to the Frobenius Perron Theory. For bibliography on
the subject we refer to [2].

Our generalization is two-fold:

1. The measure p is not assumed to be finite.

2. The operator P is a contraction on L,(S,%, ) and is not assumed to be
defined on L(S,Z, p).

If Phasnormonein ; and L, then, by the Riesz Convexity Theorem it has
norm 1 also over L,, thus 2 is weaker than Rota’s assumption.

We shall use the method of the proof of Theorem 2.2 and Lemma 1.2 of [1].
There the case u(S) < o was studied.

The results of [2] are included in Theorems 1 and 3 of this note.

Let (S,E, 1) be a measure space with y = 0.

LemMa 1. Let L be a closed subspace of L,(S,Z, p), which satisfies:
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(1) If feL then Refe L.

() Iffis real and fe L then |f| e L.

(3) If fz0ae..feL, and c is a positive constant then min (f,c) € L.

Let X’ contain all the sets, in X, whose characteristic functions are in L; then
(a) The sets in X' form a field;

(b) The characteristic functions of sets in X' span L.

Proof. Let f, g be real valued functions in L. Then
max(f,g) = ¥(|f-g|+f+geL
min (f,g) = ¥(f+g—|f-g|)eL.

If ¢ and 7 are in X', let I(¢) and I(z) denote their characteristic functions.
Then max (I{s¢), I{zr))e L and min (I(¢), I{z))eL or: 6 UtelX' and 6 NtelX’.
In order to prove (b) it is enough to show that the only function in L orthogonal
to T’ is the zero function. Now if fe L is orthogonal to all functions I(¢),6€X’,
then so is Re f. Thus we may assume that f is real. Let f, = 4( |f| +f)eL and let
¢ be a positive constant. Then, by (3), min(f,,c)e L and also f, — min(f,,c)
gelL.

Let ¢ = ¢ *min(f,,c). Then h, = ¢! min(c ¢, g)e L. Now:
h{w) =0if f,(w) £ ¢, since then g(w) =0,

while:

h(w)=1 if f; = c+ ¢. Also, for every w, 0 £ h,(w) £ 1. Hence h(w) tends
to the characteristic function of {w|f.(w) >c} as ¢ -0, thus I{w|f.(w)>c}eL
and is orthogonal to f; i.e., f< ¢ a.e. for every ¢ > 0. Therefore f, =0 a.e.
Applying the same argument to —f we get f = 0.

ReEMARK. If p(Q) < oo then 1eL, and Condition (3) is a consequence of
Condition 2 and

(39 leL.

DEerFINITION 1. An operator P on L,(S,Z,pn) is called an order preserving
contraction (0.P.C.) provided:

1. If fe L, is real valued then so is Pf.

2. If0=<feL,ae.then Pf=0a.e.

3. If fe L, is real valued and f < ca.e. then Pf < c and P*f < c.
4 |P|<1.

Note that the conditions (1) (2) and (4) are the same if we replace P by P*.
Throughout this note P will always be an 0.P.C,
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LemMa 2. If Pf=e”f then P|f| = |f].

Proof. We will need the inequality

|PF| < P|F|ae.
Nowif Fis real thisis immediate. Generally we have
|RePF| < P|F|ae.since +ReF <|F|.

Also for every A with |A| =1

*) |ReAPF| < P|AF|=P|F|a..

Thus if |[PF|> P|F| on a set of positive measure thereis a set g of positive
measure, such thatif we ¢ then

|PF|> (1 +8)P|F|, |argPF—¢[<e
where 6 > 0 ¢ >0 and & can be chosen arbitrarily small. But then
Re|e™¥PF| >| PF| cose > | F] contradicting (¥).

(This argument was suggested to us by Y. Katznelson). The proof of the Lemma
is now straightforward:

1712 2 | PIAL-1f) 2 RIFLID 2| @D =f]2
hence (P|f,|f]) = | PIf||If] or Plf]=]fl.

TuroReM 1. Let L = {f|Pf =f} and let ¥’ contain all the sets ¢ in £ such that
I(6)e L. Then X' is a field and its characteristic functions generate L.

Proof. It is enough to verify Conditions (1), (2) and (3) of Lemma 1.The first
condition is obviously satisfied. Now if |f|e L then |f| e L by Lemma 2. Finally
if 0 £f = Pf then

Plmin(f,0] S Pf =f, P[min(f,c)] S¢;
thus
P[min(f,¢)] £ min(f,c).
Hence
P[f— min(f,¢)] = f — P[min(f,¢)] 2 f — min(f,c)
andf — min(f,¢) = 0. We must have equality a.e.,since | P | £ 1,thus min(f.c)e L.
DermTioN 2. K = {f|[| Pf| = | P*F| = |f|. n 2 1}.
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Now || P’f | = ||f| if and only if P*"P"f =f, and itis easy to check that P*"P"
is an 0.P.C. Also | P¥f|| = | f| if and only if P"P*f = f. Thus K is generated by
characteristic functions of the intersections of the corresponding subfields of X.

DEFRINITION 3. Let £, contain all the sets, o, such that I(¢) € K.
By the above remarks X, is a field and it generates K.

THEOREM 2. The set K is a closed subspace of L,, invariant under P and P*.
On K, P is a unitary operator. If f L K then

weak lim Pf = weak lim P*f=0.
Also, if c € X, then Pl(c) = I(z), where t€ X,.

Proof. It is enough to prove the last statement since the rest is proved in
Theorem 1.1 of [1]. Let 0 € X, and PI(¢) =f then 0 < f < 1. Let 7, € £ be such
that if wet, then 0 <f(w) <1, and let g=(1 —f).I(1;). Then 0 g <1, and
g+f£1. Thus P*(f+ g) <1 but P*f=1I(s); hence P*g(w)=0 if weo or
0 = (I(0), P*g) = (P*f, P*g) =(f, g). Therefore, ¢, is a set of measure zero or f
is a characteristic function (necessarily of a set in X,).

LemMA 3. If f.garein K and arereal valued, then P [ min(f, g)]=min(Pf, Pg).
If, in addition, f is bounded then P(f.g) = PfPg.

Proof. Since P is order preserving
P[(min(f, g)] £ min(Pf, Pg),

and a similar relation holds for P*. Thus P*[min(Pf, Pg)] < min(f,g). Applying
P to this inequality we get P[min(f,g)] < min(Pf,Pg)=< P[min(f,g)]. In
particular if f and g are characteristic functions then

P(fg)=Pf Pg.

The last part of the Lemma is proved by taking limits of sums of characteristic
functions.

THEOREM 3. If Pf = €“f then
P[(sgnf)*|f]1= > [(senf)*|£|].
Proof. It is well known that if Pf = ¢f and | P| < 1 then
Prf=e™" (P¥f.f)=e " |f]").

Thus feK and, by Lemma 2, P|f|=|f|. Let I, ={o||f(w)|2¢}. Then
PI,=1I, by Theorem 1; thus

P(sgnf) L |f|1= PLPf = I.e"f = ¢"I(sgnf) |f|.
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On the other hand

P(sgnf)L|f|]1=I.P[GgnN)L1P|f| = L|f|PU,sgnf)
or

P(I,sgnf) =I,P(I, sgnf) = €”I,sgnf.

Therefore

Pl(sgnf) I If|1 = |f| P{GsgnN) 1.1 = f e L (sgnf)’.
Let ¢ — 0, then I, |f| - |f] ; hence

P[(sgnf)’ 111 = e*"(sgnf)*|f].
Let us conclude with a uniqueness theorem.

THEOREM 4. Let P, and P, be unitary order preserving operators. Then the
subspace L = {f| P,f=P,f} is generated by the characteristic functions contained
in it.

Proof. We will verify the three conditions of Lemma 1:

(1) If Py f= P,fthen P;(Ref)=ReP;f=Re P,f= Py(Ref).
(2) If fis real valued and P f= P,fthen

Px(f+) =(P1f)+= (sz)+ = Pz(f+)
and

Pi(f) =(P.f)- =(P2f)~ = P,(f-).

Since P,f, and P;f_ are positive, their sum is Pif and (P;f,, P;f.) =(f+.f-)=0.
(3) It will be enough to show that

P[min (f,c)} = min(P;f,c)
for f =2 0 and c a positive constant. Now
P,[min(f,c)] < min(Pf,0);
thus for P;* we have
P! min(P;f,c)] £ min(f,¢).
Applying P, we get
min(P,f,¢) £ [P min(f,c)].

Thus, in order to find whether two unitary order preserving operators are
equal, it is enough to show that P, f= P,f, whenever f is a function such that
the functions I{w|f(w) € A} generate L,(S,Z, p).
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